In a recent paper Chatterji and Niblo [ChNi] proved that a geodesic metric space is Gromov hyperbolic if and only if there exists δ ≥ 0 such that for any two closed balls B 1 , B 2 ⊂ X the intersection B 1 ∩ B 2 has eccentricity at most δ in the sense that there exist z, z ′ ∈ X and ν ≥ 0 such that
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In a recent paper Chatterji and Niblo [ChNi] proved that a geodesic metric space is Gromov hyperbolic if and only if there exists δ ≥ 0 such that for any two closed balls B 1 , B 2 ⊂ X the intersection B 1 ∩ B 2 has eccentricity at most δ in the sense that there exist z, z ′ ∈ X and ν ≥ 0 such that
Here, B(z, ν) stands for the closed ball B(z, ν) := {x ∈ X : d(x, z) ≤ ν}.
In their paper, the authors raise the question if a geodesic metric space with the property that the intersection of any two closed balls has eccentricity 0, is necessarily a real tree. The purpose of this short note is to answer this question affirmatively. We prove the following result.
Theorem 1.1. Let (X, d) be a geodesic metric space. The following are equivalent:
(i) X is a real tree.
(ii) The intersection of any two closed balls has eccentricity 0.
(iii) The intersection of any two closed balls is a closed ball.
(iv) Every one-dimensional integral current without boundary is 0.
Our argument relies on the well-known fact that Lipschitz maps from Euclidean space into metric spaces have metric derivatives almost everywhere, as proved by Kirchheim [Kir] and Korevaar-Schoen [KoSc] independently. We can combine the main result of [ChNi] , a characterization of Gromov hyperbolicity via asymptotic cones [Dru] , and Theorem 1.1 to obtain a partial generalization of Chatterji and Niblo's main result.
Theorem 1.2. Let X be a geodesic metric space. The following are equivalent.
(i) X is Gromov hyperbolic.
(ii) There exists δ ≥ 0 such that the intersection of any two closed balls has eccentricity at most δ.
(iii) There exists a function δ : (0, ∞) → (0, ∞) with δ(r) r → 0 as r → ∞ and such that whenever B 1 , B 2 ⊂ X are closed balls then there exist z, z ′ ∈ X and r ≥ 0 such that
One may ask the question whether Theorems 1.1 and 1.2 have analogues for nongeodesic metric spaces. This question seems to be interesting in view of Theorem 1.2 whereas easy examples show that in general a metric space satisfying (iii) and (iv) of Theorem 1.1 does not admit a bilipschitz embedding into a real tree. Upon completion of this note the author learnt from I. Chatterji that the results of [ChNi] together with an additional scaling argument provided by P. Pansu will also imply the equivalence of (i) and (ii) of Theorem 1.1.
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P
The purpose of this section is to review the main result from [Kir] , which will be needed in our note. For proofs we refer to [Kir] or the expository article [Wen2] . It is well-known that Lipschitz maps from R k to R n are differentiable almost everywhere. In fact, this is the assertion of Rademacher's theorem (see e. g. [Fed, 3.1.6] ). Easy examples show that the target space cannot be replaced by an infinite dimensional Banach space in general. Nevertheless, Lipschitz maps into Banach spaces and even arbitrary metric spaces still behave differentiable in a metric sense. For this let (X, d) be a metric space and let ϕ :
, ϕ(z)) r if this limit exists. The following theorem was proved by Kirchheim [Kir] and was independently discovered by Korevaar and Schoen, see [KoSc] .
Theorem 2.1. For almost every z ∈ U the metric directional derivative md ϕ z (v) exists for every v ∈ R k and defines a semi-norm on R k .
The semi-norm md ϕ z is usually called the metric differential of ϕ at z. It is not difficult to prove that if U ⊂ R k is merely Borel measurable then md ϕ z can be defined at almost every Lebesgue density point z ∈ U by a simple approximation argument. By modifying the proof in [Kir] one can furthermore exhibit the following useful statement, see [Wen2] . Let D ⊂ U be the set of points such that md ϕ z (v) exists for all v ∈ R k .
Claim: There exist compact sets
and such that the following property holds: For every i and every ε > 0 there is an r(K i , ε) > 0 such that
for all z ∈ K i and all v, w ∈ R m satisfying |v|, |w| ≤ r(K i , ε) and z + w ∈ K i . This claim will be used in the proof of Lemma 3.5. We will also need the Jacobian of a semi-norm s on R k which is defined by
where ω k denotes the volume of the unit ball in R k with respect to the standard inner product. It is clear that s is a norm if and only if J k (s) > 0.
3. P   T 1.1  1.2
The proof of Theorem 1.1 involves several auxiliary results which we state now. In order to simplify the language it is convenient to introduce the following terminology. 
Here, a closed ball is meant to be the set B(x, r) := {y ∈ X : d(x, y) ≤ r} for some x ∈ X and some r ≥ 0. 
In particular, a geodesic metric space X with the intersection property is uniquely geodesic.
Proof. Let x, y ∈ X with x y, let t ∈ [0, , 1] by interchanging x and y in the argument above. As a direct consequence we obtain that X is uniquely geodesic. Let now y ′ ∈ X be a third point and set r ′ := d(x, y ′ ). We may assume without loss of generality that r ≥ r ′ . Set h := d(y, y ′ ) and fix t ∈ (0, 1). If h ≥ tr then
If, on the other hand, h < tr then we define
and obtain that
Remark 3.3. It should be noted that for the proof it is enough to have the following property on a geodesic space X: For any two balls B(x, r), B(y, s) ⊂ X and any ε > 0 there exist z, z ′ ∈ X and t ≥ 0 such that
This property will be used in the proof of Theorem 1.2.
As a direct consequence of the lemma above Lipschitz maps γ : S 1 → X have Lipschitz extension to the disk D 2 . Indeed, for a given Lipschitz map γ : S 1 → X fix x ∈ γ(S 1 ) and defineγ : In the following corollary I k (X) denotes the space of integral currents of dimension k in X. We refer to the work of Ambrosio and Kirchheim [AmKi1] for definitions and results on currents in metric spaces. The statement will not be used anywhere else in this note.
Corollary 3.4. Every geodesic metric space X which has the intersection property admits a cone type inequality for I k (X) for every k ∈ N.
Proof. This is a direct consequence of Proposition 2.10 in [Wen1] .
In the following lemma we will use the obvious but crucial fact that the intersection property persists under the rescaling of the metric. Proof. We argue by contradiction and therefore assume that J 2 (md ϕ x ) > 0 for all x in some set of positive Lebesgue measure. By this and the claim on page 3 there exists a compact set K ′ ⊂ K of positive Lebesgue measure and a Lebesgue density point x 0 ∈ K ′ such that · := md ϕ x 0 is a norm on R 2 and has the following property. For every ε > 0 there exists r 0 > 0 such that the mapφ :
. Here, B(0, r 0 ) denotes the ball of radius r 0 with respect to the Euclidean metric whereas we will denote byB(0, r) the ball or radius r with respect to · . Note that with respect to the Euclidean metricB(0, 1) is a closed, convex and centrally symmetric set. Let B(0, r 1 ) ⊂B(0, 1) be a Euclidean ball of maximal radius and let v 0 ∈ ∂B(0, r 1 ) ∩ ∂B(0, 1). Set y := 2v 0 . It is then easy to see that
Indeed, this follows from the fact that
Since x 0 is a Lebesgue density point of K ′ there exist sequences r n ց 0 and y n ∈ R 2 such that y n ∈ K n := 1 r n (K ′ − x 0 ) and s n := y n − y → 0 and such that for every h > 0 (2) B (0, 1 + h) ∩B(y n , 1 + h) ∩ K n −→ B (0, 1 + h) ∩B(y, 1 + h) with respect to Hausdorff convergence. Now, denote by X n the metric space (X, r −1 n d) and note that X n has the intersection property. Then the mapφ n : (K n , · ) → X n given byφ n (u) :=φ(r n u) is (1 + ε n )-bilipschitz with ε n ց 0. The first part of the proof of Lemma 3.2 implies that for fixed h > 0 small enough (3) diam X n B X n (φ n (0), t n + h) ∩ B X n (φ n (y n ), t n + h) ≤ 4h for every n ∈ N, where t n := 1 2 d X n (φ n (0),φ n (y n )). On the other hand, it follows from (2) that for n large enough diam X n B X n (φ n (0), t n + h) ∩ B X n (φ n (y n ), t n + h)
